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In this paper, we compute the various bipartite quantum correlations in the presence of the
(4 4 n)-dimensional Schwarzschild black hole. In particular, we focus on the n-dependence of
various bosonic bipartite entanglements. For the case between Alice and Rob, where the former
is free falling observer and the latter is at the near-horizon region, the quantum correlation is
degraded compared to the case in the absence of the black hole. The degradation rate increases
with decreasing n. We also compute the physically inaccessible correlations. It is found that
there is no creation of quantum correlation between Alice and AntiRob. For the case between
Rob and AntiRob the quantum entanglement is created although they are separated in the
causally disconnected regions. It is found that contrary to the physically accessible correlation
the entanglement between Rob and AntiRob decreases with increasing n.

Keywords: Entanglement degradation; higher-dimensional black hole.

1. Introduction

It is evident that quantum information processes such as quantum teleportation,!
quantum cryptography,?”* and quantum computer®® will play crucial role in the
future technology. In this reason, much attention is paid, recently, to the quantum
entanglement” because it is regarded as a genuine physical resource for the quantum
information processing.

Although research into the quantum entanglement has a long history,®* the study
of its properties in the relativistic setting was initiated recently.'°~?® The main issue
in this subject is to understand how a given entanglement is changed in the inertial

(see Refs. 13—16 and noninertial (see Refs. 17—28) frames. In the noninertial frame,
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degradation of the entanglement occurs, which is related to the well-known Unruh
effect.?%*" More recently, moreover, the change of the entanglement in the black hole
background was also examined.?! 33

On the other hand, braneworld scenario, one of the modern cosmology,
assumes that our 4d space—time universe is embedded in higher-dimensional world.
In this reason, the absorption and emission properties of the higher-dimensional black
holes were investigated few years ago.*8™*2

The purpose of this paper is to examine the degradation of the bipartite entan-
glement in the presence of the (4 4+ n)-dimensional Schwarzschild black hole. In order
to explore the degradation we assume that Alice and Rob share the maximally
entangled state initially. After sharing, Rob moves to the near-horizon region
while Alice is free falling into the black hole. In this situation, we will compute the
entanglement by adopting the negativity*® as an entanglement measure. Our main
focus in this paper is to investigate the effect of the extra dimensions n in the
entanglement degradation. Of course, the result of Ref. 32 is reproduced when n = 0.

The paper is organized as follows. In Sec. 2, we review the space—time geometry
of the (4 + n)-dimensional Schwarzschild black hole. For later convenience, we com-
pare the (4 + n)-dimensional Schwarzschild space—time with the Rindler space—time
in this section. This comparison enables us to transform our problem into the degra-
dation of entanglement in the noninertial frame, which was studied in Refs. 17—28. In
Sec. 3, we discuss on the n-dependence of the entanglement. The correlation between
Alice and Rob is generally degraded in the presence of the black hole. It is found that
the degradation becomes weaker and weaker with increasing n. For the case between
Rob and AntiRob, the quantum correlation, contrary to the physically accessible
correlation, decreases with increasing n. In Sec. 4, a brief conclusion is given. In
Appendix A, explicit computation of negativity is performed.

34—37

2. Space—Time Geometry

The higher-dimensional black hole solutions of the Einstein field equation were
discussed in detail in Ref. 44. The explicit expression of the (4 + n)-dimensional
Schwarzschild black hole solution in terms of the usual Schwarzschild coordinates is
in the following;:

ds? = —h(r)dt? + h=1(r)dr? 4+ r2dQ3 ., (1)
where
r n+1

nr) =1- ()" @)
dQ2., = df? ., +sin%0,,,(d0? + sin?0,,(- - - + sin0,(d07 + sin?6,dp?) - - - )).

The horizon radius ry is related to the black hole mass M as following:

Tn+1 _ 8 (%) M
(n+2)x"s M2’
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where M, = G~Y("+2) is a (4 + n)-dimensional Planck mass and G is a Newton
constant.

Because of the symmetry of the problem we restrict our attention to the temporal
and radial coordinates. Thus, the part of the metric we will analyze is

de? = —h(r)dt* + h=1(r)dr>. (4)

We can write the line-element d¢? in terms of the proper time 7 of an observer located
in r = r; as follows:

h
de? = ——é” dr? + h7Y(r)dr?, (5)
0
where hy = h(ry) and dr = /hydt.
Now, we define a new spatial coordinate z as follows:
9 4ot

: :m(rl*” —ri"), (6)

Then, the profile function h(r) can be written as

(r2)?
hir) =———, 7
M=o 7)
where « is a surface gravity defined by
1, _1+n
R = 5}2, (TH) = 2’/“H . (8)

In terms of z it is easy to show that the line-element d¢? becomes
1 (k2)?
ar?=—— "7 4241 21(1=n)/(14n) 7,2 9
h01+(mz)27—+[+(’{2)] z 9)

In the near-horizon region, i.e. r ~ rg, Eq. (9) reduces to

2 EAY 2 2
b ~ — NI dr* +dz*. (10)
0

This is just the metric of the Rindler space with the acceleration parameter x/+/hy.
In order to discuss on the physical states, we define the Kruskal coordinates

U= _,€71e7;¢(t7r*)7 o= Kfleﬁ(ﬂn)7 (11)

where the “tortoise” coordinate r, is defined by

dr, _
o =h"1(r). (12)

In terms of the Kruskal coordinates the line-element d¢? becomes

dl? = —h(r)e 2" dudp. (13)
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Since r, reduces to

TH T
Ty ~ 1Ty + In|—-1
| Ty ‘
at the near-horizon region, we can re-express d¢? in this region as
22
dt? ~ —(n+ e " Vdudv v = — .
(n+1) n+1

As authors in Ref. 32 suggested, there are three regions in this background, in which
we can define the different time-like Killing vectors. Thus, one should define the
physical vacuum in each region. First vacuum is known as the Hartle—Hawking
vacuum |0) 5. This is defined by the time-like Killing vector which is proportional to
0, + 0. Second and third vacua are the Boulware vacuum®’|0)  and anti-Boulware
vacuum |0)p, which are defined by the time-like Killing vectors 9, and —0;,
respectively.

Since the metric (10) reduces to the Rindler space metric with the acceleration
k/+/hy in the near-horizon region, one can derive the interrelations between these
vacua using the Unruh effect.’”*" The relations beyond the single-mode approxi-
mation were derived in Ref. 46. Corresponding |0) to Minkowski vacuum and, |0) 5
and |0) 5 to the vacua in the left- and right-wedges of Rindler space, one can derive
the following relations:

o0
Ztanh”r\ngz>3|nsz>B,

0 =
100)u cosh r 4=

Ilo)u = h2 Z vn + ltanh"rlgz ng) pl(n + 1)a) s + arl(n + 1)) slna) 5],

cos
(14)
where |qz|% + |qz|* = 1 and

tanhr = exp

(), s

In Eq. (14), |mq)pr means m-particle states of energy 2, which is constructed by
operating the creation operator m times to the vacuum |0)» with F = {H, B, B}.
In the next section, we will use Eq. (14) to analyze the bosonic entanglement deg-
radation in the presence of the black hole (1).

3. Entanglement Degradation

Let us consider a situation that Alice and Rob initially share the maximally entan-
gled state

V) AR = 7(|00>H + 1) g) ar (16)
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when both are free falling into the black hole. Since 0; + 05 is proportional to the
time-like Killing vector for the free falling observer, Eq. (16) is understood to be
written as a Hartle—Hawking basis. For simplicity, the energy parameters 24 and Q2
for Alice and Rob are ignored in Eq. (16).

Now, we assume that after sharing |1)) 4, Rob moves to the near-horizon region,
i.e. r =1y ~ ry. Thus, we restrict ourselves into

1 <RSE:—°< 1.05 (17)
H

throughout this paper. Therefore, Eq. (15) implies

Q 1
tanhr = exp <— E 1-— W) s (18)
where Q) = 27Q)p/k. In this assumption, Eq. (14) implies that |¢) 45 is changed into

1 &K tanhnr
) ArR = 7 Zm [coshr|0,n,n) + v'n + 1g.[1,n,n + 1)
n=>0

In this paper, our main interest is to examine the effect of the extra dimension n in
the entanglement degradation. Thus, we will choose ¢ = 1 for simplicity. Further-
more, as shown in Ref. 17, Eq. (14) with gz = 1 case corresponds to the Unruh
transformation within the single-mode approximation.

3.1. Alice—Rob quantum correlations

Now, let us discuss on the entanglement between Alice and Rob. In order to examine
the entanglement in the presence of the (4 + n)-dimensional black hole, we should
compute the bipartite entanglement of a quantum state p 4, where the subscript AR
stands for Alice and Rob. Although there are a lot of entanglement measures which

quantify the bipartite entanglement such as entanglement of formation,*” concur-

rence,*® and relative entropy of entanglement,*” most of them are very hard to
compute mainly due to that fact that p,p is a state in qudit system. Therefore, we
choose a negativity*® in this paper for tractable computation. The negativity N 45 of

par is defined as

Nan=5 (M =2 ==Y A, (20)

i Ai<0

where \; are the eigenvalues of Pi‘}z and T4 is a partial transposition with respect to
the party A. It is worthwhile noting that the negativity N 45 in the absence of the
black hole is 1/2.

The computation of N 4p is described in Appendix A. In Fig. 1, we plot N 45
with varying the number of extra dimensions as n = 0,1,2,3,100. In Fig. 1(a), we
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R, = 1.03

40 50
Q

(b)

Fig. 1. (Color online) In (a) we plot the Rg-dependence of N 4p when n =0,1,2,3,100. We fix Q as
Q = 10. In (b) we plot the -dependence of N 4z when n =0, 1,2, 3,100. We fix Rg as Rg = 1.03.

plot the Rg-dependence of N 45 with choosing Q = 10. As this figure exhibits, N 45
is less than 0.5, so that as expected, the degradation of the entanglement occurs.
The rate of the degradation decreases with increasing Rg, which means that Rob
goes away from the black hole. When Rob approaches to the horizon, i.e. 7y — rp,
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all bipartite entanglement vanishes. Another remarkable fact this figure shows is that
the degradation becomes weaker with increasing n. This fact can be explained as
follows. In (4 + n) dimension, the Newtonian gravitational force is proportional to
1/r™*+2. Therefore, it goes weaker and weaker with increasing n. Thus, the effective
acceleration Rob needs to remain outside the black hole becomes smaller with
increasing n. It causes the weaker degradation of the entanglement between Alice
and Rob. In Fig. 1(b), we plot the Q-dependence of N 4 with choosing Rg = 1.03.
This figure also shows that the degradation becomes weaker with increasing n.
The reason for this fact can be explained the same way.

3.2. Alice— AntiRob quantum correlations

The computation of negativity between Alice and AntiRob is given in Appendix A.
It is shown that no entanglement is created between these parties when qr = 1, which
corresponds to the Unruh transformation within the single-mode approximation.

3.3. Rob—AntiRob quantum correlations

In Appendix A, the negativity N 5 is computed. In Fig. 2, we plot N5 with
varying the number of extra dimensions as n =0,1,2,3,10. In Fig. 2(a), we plot
the Rg-dependence of N with choosing Q =10. In Fig. 2(b), we also plot

1.00 1.01 1.02 1.03 1.04 1.05

(a)

Fig. 2. (Color online) In (a) we plot the Rg-dependence of N when n =0,1,2,3,10. We fix Q as
Q2 =10. In (b) we plot the Q-dependence of Ny when n =0,1,2,3,10. We fix Ry as Rg = 1.03.
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Fig. 2. (Continued)

the Q-dependence of N z; with choosing Rg = 1.03. Contrary to the quantum
correlation between Alice and Rob, the quantum entanglement between Rob
and AntiRob decreases with increasing n. We do not know why n-dependence
of Ny is different from that of N 4. Probably, this is due to the fact that this
entanglement is unphysical because Rob is causally disconnected from AntiRob.
Thus, this quantum correlation is purely theoretical and is useless for the quantum
information task.

4. Conclusion

In this short paper, we compute the various bipartite quantum correlations in
the presence of the (4 + n)-dimensional Schwarzschild black hole. In particular,
we focus on the n-dependence of the bosonic entanglements. For the case between
Alice and Rob the quantum correlation is degraded as expected. The degradation
rate increases with decreasing n. However, it is found that there is no creation of
quantum correlation between Alice and AntiRob, For the case between Rob and
AntiRob, the quantum entanglement is created although they are separated in
the causally disconnected regions. The entanglement is found to decrease with
decreasing n.

In this paper, we performed the calculation under the condition of ry ~ rg.
If we relax this condition, various correlations may exhibit different behavior. In this
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case, however, we cannot use the Rindler-anology of the Schwarzschild background.
Thus we have to re-derive the equations corresponding to Eq. (14) in this case by
computing appropriate Bogoliubov coefficients. However, this generalization might
be a difficult problem mainly due to the difficulty in the analytic computation of the
Bogoliubov coeflicients.

It seems to be of interest to extend this paper to the higher-dimensional rota-
ting black hole case.”’"*> The condition for occurring the superradiance in the
higher-dimensional rotating black holes was derived in Refs. 50 and 51. It seems to be
highly interesting to examine the effect of the superradiance to the entanglement
degradation.
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Appendix A

In this appendix we compute the various bipartite entanglement.

A.1. Alice— Rob quantum correlations

Now, we assume that Rob is in the region where Killing vector is d;. Since, then,
Rob cannot access the region whose time-like Killing vector is —3,, one should take a
partial trace over R in Eq. (19). Thus, the resulting quantum state for Alice—Rob
system becomes a mixed state in a form

par = Trgl) arp (V|

= % ;m [cosh?7|0,1)(0, n|
+ (n 4+ D{lqwl*11,7)(1, 0| + |ga?[1,n + 1)(1,n + 1]}

+V/n+ Leoshr{gg|1,n + 1)(0,n| + 3|0, n)(1,n + 1|}
+V/n + Isinhr{qg|1,n)(0,n + 1| + ¢5|0,n + 1)(1,n|}

+V(n+1)(n +2) tanhr{q,q¢5|1,n)(1,n + 2|

+q1arll,n+2)(1,n[}]. (A1)

For gr = 1, computation of N 4 is straightforward from Eq. (A.1). Since pi‘%
can be diagonal in terms of 2 x 2 matrix if one chooses the order of the basis
appropriately, the eigenvalues can be easily computed, which is

{1 Af (k:0,1,2,...)},

2 cosh?r’
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where

tanh2k—2p

AF =
k 4 cosh?r

[(k + cosh?r tanh?r)

+ \/(k + cosh?r tanh?r)? 4 4 cosh2r tanh*r]. (A.2)

Since A} > 0 and Aj < 0, the negativity between Alice and Rob becomes
Nap ==Y _A}. (A.3)
=0

The extra-dimensional dependence of A 4 arises from n-dependence of r as Eq. (18)
shows.

A.2. Alice— AntiRob quantum correlations

From Eq. (19) with g = 1 the state for Alice—AntiRob becomes

PAR = TI"R|¢>ARR <¢|

t, h2n
= 5 Y o0, 0]+ - 1) (10

+ vn+ Isinhr{]0,n + 1)(1,n| + |1,n)(0,n + 1]}]. (A4)

Since, by similar way, one can show that all eigenvalues of pi’}? are positive, we get

N 4z = 0. Thus, no entanglement is created between Alice and AntiRob.

A.3. Rob—AntiRob quantum correlations

From Eq. (19) with gz = 1 the state for Rob—AntiRob becomes

Pri = Tralh) arr (V]

1 zx: tanhm+ny

2
7 lcosh®r|n, n)(m, m|
m,n=0 cosh4r

+ vV (m+1)(n+1)n+1,n){m+1,ml]. (A.5)

Since p;’;? is block-diagonal in terms of m x m (m = 1,2,3,...) matrix provided that

the order of the basis is selected as
{|00), [01), [10),102),[11),]20), ...},
one can compute the eigenvalues in principle. Therefore, it is possible to compute

Nz numerically by making use of Eq. (20).
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